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Relaxation dynamics in an isolated long-range Ising chain
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Tsinghua University, Beijing 100084, P. R. China
(Dated: July 16, 2018)
We consider a chain of trapped ions to interact with each other via long-range interactions. This
system can be used to simulate the long-range Ising model. We study the dynamics of quantum
coherence of a single spin in the chain, where the spins are initially prepared in their upper states.
The relaxation dynamics exhibits due to the genuine long-range interaction. The degree of quantum
coherence of a single spin rapidly decreases and vanishes in the steady state. However, our numerical
result suggests that the conventional spin chain model, which truncates the interactions between
the distant spins, cannot show the relaxation dynamics. This implies that the usual truncation
in approximating the long-range interaction is not applicable to describing the non-equilibrium
dynamics. The effect of the interaction range on the relaxation dynamics is studied. The higher
relaxation rate will show if a system has a longer range of interaction. However, it takes a longer
relaxation time in the vicinity of infinite interaction range. We also examine the dynamics of
quantum coherence of a block of spins. Our result may shed light on the relationship between
long-range interaction and the coherence dynamics of a quantum many-body system.
PACS numbers: 03.65.Aa, 05.70.Ln, 75.10.Pq
I. INTRODUCTION
Recently, the long-range Ising model have been real-
ized by using a string of trapped ions [1–3] and a two-
dimensional crystal lattice [4], respectively. The interac-
tions between ions can be engineered such that the range
of interaction becomes tunable. This opens the possibil-
ities to observe new phenomena [5, 6] of a many-body
system with long-range interaction. More recently, the
violation of Lieb-Robinson bound [7] has been showed in
a chain of trapped ions [8, 9] with variable-range inter-
actions, where the Lieb-Robinson bound [10] governs the
speed of information propagation in a one-dimensional
system with finite-range interaction.
Non-equilibrium dynamics of a closed many-body sys-
tem is important in quantum statistical mechanics [11–
13]. There are open questions remained unsolved [14–18]
in this area. For instance, there is still no general bound
on how fast the equilibration takes place [18]. In fact, a
subsystem of a many-body system will lose its quantum
coherence [19, 20] even if the entire system is in a pure
state. It is natural to ask how the long-range interaction
affects the relaxation process of a local subsystem. It may
be useful to understand the role of interaction in the re-
laxation dynamics. Additionally, quantum coherence [21]
is of the essence to the applications of quantum informa-
tion science [22] and photosynthesis for efficient energy
conversion [23]. The study of the relationship between
quantum coherence and long-range interaction provides
insight into the behavior of coherence in a strongly inter-
acting many-body system and its potential applications.
Indeed, the long-range Ising model has been studied
extensively [24–27]. In this paper, we study the dynam-
ics of quantum coherence of a single spin and a block
of spins in a chain of trapped ions, where the ions in-
teract with each other through long-range interactions.
Since the interaction range between ions can be tuned
by appropriately adjusting the laser beams, the relation-
ship of coherence dynamics and interaction range can be
studied experimentally. Initially, all ions are prepared in
their upper spin states. The degree of quantum coher-
ence of a single spin rapidly decreases and then drops to
nearly zero in the steady state. The relaxation dynamics
exhibits in this long-range Ising model.
Conventionally, the long-range interaction is approxi-
mated by keeping the interaction between a few neigh-
boring spins only [28]. Since the interaction between the
distant neighbors is weak, this approximation provides a
reasonable good estimation of the ground-state energy of
the exact long-range model. It should be noticed that
this approximation must be reexamined if the dynamics
involves a lot of eigenstates. We compare the dynam-
ics of the exact model with the “approximate” model.
Our numerical examples show that the “approximate”
model cannot exhibit the relaxation dynamics. But the
short-time dynamics of the “approximate” model resem-
bles the exact model if the interactions between more
distant neighbors are included.
In addition, we examine the effect of interaction range
on the relaxation dynamics. If the range of interaction
increases, then the relaxation rate becomes higher. How-
ever, when the interaction range is close to infinity, the
dynamics of quantum coherence behaves very differently.
It takes a longer time to lose the coherence. The system,
with the infinite range of interaction, does not relax. We
also numerically study the quantum coherence of a block
of spins in a chain. The larger size of a block of spins
indeed gives a higher degree of quantum coherence. The
different sizes of block spins have the similar rates of re-
laxation, and the coherence becomes steady in a long
time.
This paper is organized as follows: In Sec. II, we in-
2troduce the long-range Ising model. In Sec. III, we first
introduce the definition on how to quantify quantum co-
herence. We discuss the numerical results of the dynam-
ics of quantum coherence of a single spin in the chain. We
then compare the dynamics of the exact long-range Ising
model with the “approximate” models. We also discuss
the relaxation dynamics of a block of spins in a chain.
We provide a discussion in Sec. IV and close our paper
with a conclusion in Sec V.
II. SYSTEM
We consider a chain of trapped ions in a linear trap.
The two internal states of an ion form a spin. For ex-
ample, either two hyperfine states in 171Yb+ [8] or two
electron levels in 40Ca+ [9] can be used. The interactions
between the spins can be produced by off-resonantly cou-
pling the two internal states to the collective motion of
the chain in the perpendicular direction via a laser beam
[8, 9]. This forms a 1D spin chain with long-range inter-
action. The Hamiltonian of a chain of trapped ions, with
long-ranged interaction, is written as (~ = 1) [29]
H =
∑
i<j
Jijσ
x
i σ
x
j , (1)
where σxj are Pauli spin operators, Jij = J/|i − j|α and
α ranges between 0 and 3. We denote the states |1x〉i
and |0x〉i as the eigenstates of spin-up and -down states
of ion i in the x-direction.
Let us consider the k-th eigenstate |Ek〉 of the Hamil-
tonian H which can be written as the product states of
all ions, i.e.,
∏
i |σi〉i and |σi〉i is the eigenstate of ion i
in the x-direction and σi is either equal to zero or one.
The eigenenergy Ek of the k-th eigenstate |Ek〉 is given
by
Ek =
∑
i<j
Jij(2σi − 1)(2σj − 1), (2)
where Jij is positive.
To prepare the initial state, we consider a large mag-
nitude of the transverse magnetic field to be applied to
the ions. The Hamiltonian of the system is written as
H ′ =
∑
i<j
Jijσ
x
i σ
x
j −B
∑
i
σzi , (3)
where B is the strength of the transverse field. Initially,
the magnitude |B| is much larger than Jij . The system is
prepared in a product state of ions in the spin-up states
as
|Ψ(0)〉 =
N∏
i=1
|1z〉i, (4)
where ion i is in the eigenstate |1z〉i in the z-direction. In-
deed, it is the ground state of the Hamiltonian in Eq. (3),
FIG. 1. (Color online) A chain of ions with long-range
interaction. The system is divided into two regions which are
“inside” and “outside” subsystems, respectively.
where |B| ≫ Jij . The initial state can be expressed in
terms of the eigenstates |Ek〉 as
|Ψ(0)〉 =
N∏
j=1
1√
2
(|0x〉j + |1x〉j), (5)
=
1
2N/2
2N∑
k=1
|Ek〉. (6)
It is a superposition of all eigenstates |Ek〉 with an equal
weight. We consider that the magnetic field is suddenly
ramped down to zero. This initiates the system to be-
come out of equilibrium.
III. QUANTUM COHERENCE DYNAMICS
We consider the system to be divided into two subsys-
tems which are “inside” and “outside” regions, respec-
tively, as shown in Fig. 1. The “inside” system can be
described by the reduced density matrix ρin = Trout(ρ),
where ρin is obtained by tracing out the part of “outside”
system.
We study the dynamics of quantum coherence of spins
in the “inside” system. To quantify quantum coherence,
the coherence factor C can be used. It is defined as [21]
C =
∑
i6=j
|ρini,j |, (7)
where ρin is the reduced density matrix of the system.
The coherence factor C is the sum of absolute value of all
off-diagonal elements in the reduced density matrix ρin.
This quantity provides a proper measure of coherence of
a system [21].
A. Relaxation of a single spin
We first investigate the dynamics of coherence of a sin-
gle spin in the chain and the other ions are treated as the
“outside” system. The system of ion j can be described
by the reduced density matrix as
ρinj =
1
2
(
1 f(t)
f(t)∗ 1
)
. (8)
The coherence factor C is given by
C(t) = |f(t)|. (9)
3To calculate the reduced density matrix ρinj , the part of
“outside” region of the density matrix ρ = |Ψ(t)〉〈Ψ(t)| is
traced out. From Eq. (6), the state vector |Ψ(t)〉 is given
by
|Ψ(t)〉 = 1
2N/2
2N∑
k=1
e−iEkt|Ek〉, (10)
where the eigenstate |Ek〉 can be written as
|Ek〉 =
∏
jk
|σjk〉jk
︸ ︷︷ ︸
“inside”
∏
ik 6=jk
|σik〉ik
︸ ︷︷ ︸
“outside”
. (11)
For the case of a single spin, the number of the states
|σjk〉jk in the “inside” region to be equal to two, i.e., |0〉
and |1〉.
The density matrix is written as
ρ(t) = |Ψ(t)〉〈Ψ(t)|, (12)
=
1
2N
2N∑
k=1
2N∑
k′=1
e−i(Ek−Ek′)t|Ek〉〈Ek′ |, (13)
=
1
2N
2N∑
k=1
2N∑
k′=1
e−i(Ek−Ek′)t |σjk〉jk jk′ 〈σjk′ |︸ ︷︷ ︸
“inside”
×
∏
ik,ik′ 6=jk,jk′
|σik 〉ik ik′ 〈σik′ |
︸ ︷︷ ︸
“outside”
(14)
If the “outside” part is traced out, the elements of den-
sity matrix can be retained for the two eigenstates Ek
and Ek′ with the same states of “outside” part, i.e.,∏
ik 6=jk
|σik〉ik . In contrast, the elements of density ma-
trix become zero if the two eigenstates Ek and Ek′ with
the different states of “outside” part.
The reduced density matrix ρinj can be obtained by
summing up all possible ρ˜inl , where the reduced density
matrices ρ˜inl have the same state of “outside” part, and
l = 1, . . . , 2N−1. The density matrix ρ˜inl can be explicitly
written as
ρ˜inl =
1
2N
(
1 eiωlt
e−iωlt 1
)
, (15)
where ωl = Ek − Ek′ is the effective frequency, and Ek
and Ek′ are the eigenenergies of the eigenstates |Ek〉 and
|Ek′ 〉 with the same states of “outside” region. Hence,
the reduced density matrix ρinj is given by
ρinj =
2N−1∑
l=1
ρ˜inl , (16)
=
1
2
(
1 f(t)
f∗(t) 1
)
, (17)
where
f(t) =
1
2N−1
2N−1∑
l=1
eiωlt. (18)
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FIG. 2. (Color online) In (a), coherence factor C(t) versus
time Jt, for the “approximate” and exact long-range models,
N = 20 and α = 3. The coherence factor of the tenth ion
is plotted. The different types of interaction are denoted by
the different lines: exact long-range interaction (black solid),
next-next-nearest neighbor (blue dotted), next-nearest neig-
bor (red dashed), and nearest neighbor (green dot-dashed),
respectively. Histograms of the effective frequencies ωl are
shown, where N (ωl) is the number frequency of ωl and is
normalized to be one. The different types of interaction in
the different figures: (b) nearest neighbor, (c) next-nearest
neighbor, (d) next-next-nearest neighbor and (e) exact long-
range interaction without truncation, respectively.
The coherence factor C is given by
C(t) =
1
2N−1
∣∣∣∣∣
2N−1∑
l=1
eiωlt
∣∣∣∣∣. (19)
It is interesting to compare the relaxation dynamics of
the exact long-range Ising model with the “approximate”
model, where the interactions between distant neighbors
are truncated in the “approximate” one. Indeed, it is an
usual approximation by including the interaction with a
few neighbors only in the conventional spin chain mod-
els and the long-range interaction between the distant
neighbors is neglected.
Here we study the dynamics of quantum coherence of
a single spin at the centre of a chain. In Fig. 2(a), we
plot the coherence factor C(t) versus time, for the ”ap-
proximate” and exact long-range models. For the ex-
act long-range model, the coherence factor C rapidly de-
creases and then several collapses and revivals occur with
decreasing magnitude. On the contrary, the coherence
factors C oscillate periodically if the ions interact with
their nearest neighbors only. The collapses and rivials
are shown if the ions interact with their next-nearest and
4next-next-nearest neighbors, but their magnitudes do not
decrease in a longer time.
It should be noticed that if the interactions between
more distant neighbors are included, then the short-time
behaviors resemble the exact case in Fig. 2(a). The re-
vivals of coherence appear subsequently, but they differ
in a longer time. These numerical examples suggest that
the ”approximate” model with truncation of long-range
interaction between distant neighbors cannot display the
relaxation dynamics.
From Eq. (19), the coherence factor is a function of a
sum of effective frequencies ωl. In fact, the distribution
of the effective frequencies ωl can indicate the important
feature of the coherence dynamics. In Figs. 2(b)-(e), we
plot the histograms of the effective frequencies ωl, for the
exact model and the different types of “approximation”
of long-range interaction. For the case of the nearest-
neighbor interaction, the effective frequencies are equal
to three different values only in Fig. 2(b). As the inter-
actions with more neighboring spins are included, a few
effective frequencies distribute around the three differ-
ent values. For the exact model, the three main peaks
are shown and the effective frequencies smoothly spread
around the peaks. This means that a lot of different ef-
fective frequencies ωl contribute in the dynamics by using
the exact model. The net effect of the different frequen-
cies cancel out with each other, and therefore it leads to
the loss of quantum coherence. On the contrary, only a
few distinct effective frequencies involves in the time evo-
lution of coherence factor using the “approximate” mod-
els. Thus, the coherence factor does not relax, and the
collapses and revivals of coherence will repeatedly occur.
To facilitate our subsequent discussion, we define the
relaxation time tr. Within a period, the coherence factor
C(tr) decrease to its initial value being divided by e, i.e.,
C(0)/e, where e is equal to the Euler’s number. The
relaxation rate is equal to 1/tr. Here we have assumed
that coherence of the system will not resurrect in that
period.
In Fig. 3, we compare the coherence dynamics of the
exact and “approximate” models, for the different inter-
action ranges. The spin undergoes the relaxation dynam-
ics if the exact model is used. Comparing with the two
dynamics in Figs. 3(a) and (b), the system, with a smaller
α, relaxes more rapidly. When α = 0.1 is close to zero
in Fig. 3(c), the spin takes a longer time for relaxation.
On the contrary, the spin does not relax in the cases of
using “approximation” models. Similarly, the “approxi-
mate” model can give out a better approximation of the
short-time dynamics of the exact model if the interac-
tions between more distant neighbors are included.
We further investigate the effect of interaction range
on the coherence dynamics. In Fig. 4, we plot the co-
herence factors versus time for the different interaction
ranges by using the exact model only. When the range
of interaction increases with a smaller α (α = 3, 2 and
1) in Fig. 4(a), the rate of relaxation increases. How-
ever, as α approaches zero, the coherence dynamics be-
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FIG. 3. (Color online) Coherence factor versus time, where
the tenth ion is studied and N = 20. The different interaction
parameters are shown: (a), α = 2, (b) α = 1 and (c) α = 0.1.
In each figure, the different types of interaction are shown:
exact long-range interaction (black solid), next-next-nearest
neighbor (blue dotted), next-nearest neighbor (red dashed)
and nearest neighbor (green dot-dashed), respectively.
haviors very differently. In Fig. 4(b), the coherence fac-
tor decays more slowly (more revivals before vanishing)
if α is smaller. This means that the slower relaxation
rate when approaching to the infinite interaction range.
When α = 0, the coherence factor oscillates periodically.
This shows that the behaviors of relaxation dynamics
greatly depends on the interaction range.
In Figs. 4(c)-(h), we plot the histograms of the effective
frequencies ωl, for the different interaction ranges. Dif-
ferent ranges of interaction exhibit different patterns in
the histograms. When α = 3, the histogram shows three
sharp peaks only in Fig. 4(c). In Fig. 4(d), the width
of peaks become wider if α = 2. As α further decreases
to 1 and 0.5, a single peak is shown in both figures (e)
and (f). The peak is wider for the smaller α. However,
when α is close to 0, several sharp peaks are shown in
Figs. 4(g) and (h). The peaks becomes sharper when the
range of interaction is longer. This means that more ef-
fective eigenfrequencies are degenerate as the interaction
range is close to infinity. Thus, the relaxation does not
occur because the system become completely degenerate
5-20 -10 0 10 20
0
0.02
0.04
-20 -10 0 10 20
0
0.008
0.016
-20 -10 0 10 20
0
0.0065
0.013
-20 -10 0 10 20
0
0.009
0.018
-20 -10 0 10 20
0
0.02
0.04
-20 -10 0 10 20
0
0.04
0.08
1
0.5
0
0 10 20 30 40
1
0.5
0
0 10 20 30 40
(a)
(b)
(c) (d)
(e) (f)
(g) (h)
FIG. 4. (Color online) Coherence factor versus time in (a)
and (b), where the coherence dynamics of the tenth ion is
studied and N = 20. The different lines are used to represent
the different parameters α: in (a) α = 3 (red dashed), α = 2
(blue dotted) and α = 1 (black solid); in (b) α = 0.1 (black
solid), α = 0.05 (blue dotted) and α = 0 (red dashed). His-
tograms of the effective frequencies ωk are shown in the lower
part. The different interaction parameters α are shown: (c)
α = 3, (d) α = 2, (e) α = 1, (f) α = 0.5, (g) α = 0.1 and (h)
α = 0.05, respectively.
in the limit of infinite interaction range.
B. Relaxation of block of spins
We study the dynamics of quantum coherence of a
block of spins with the same initial condition in Eq. (4).
Now we consider the “inside” system which contains more
than one ion. Let us call NI be the number of spins in
the “inside” system and the block of spins is located at
the centre of a chain.
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FIG. 5. (Color online) Normalized coherence factor C˜(t)
versus time, for the different parameters α and N = 20. The
different parameters are used: (a) α = 3, (b) α = 2 and (c)
α = 1. The different lines are used to denote the different
sizes of blocks: NI = 10 (black solid), 8 (blue dashed), 6
(red dotted) and 4 (green dash-dotted) respectively. In the
inset, the normalized coherence factors C˜(tf ) are plotted ver-
sus NI , where tf = 40J
−1. The different parameters α are
represented by different symbols: α = 3 (black circle), 2 (blue
plus) and 1 (red upper triangle), respectively.
For a larger size of block, it has a higher degree of
initial quantum coherence C(0). In fact, C(0) can be
evaluated by summing up all the off-diagonal elements,
where the density matrix elements of the initial state are
all equal. The initial quantum coherence C(0) is thus
given by
C(0) =
2
2NI
2NI−1∑
k=1
k, (20)
= 2NI − 1. (21)
We define the normalized coherence factor C˜(t) as
C˜(t) =
C(t)
C(0)
.
6It is convenient to compare the relaxation rates for dif-
ferent block sizes.
In Fig. 5, we plot the normalized coherence factors ver-
sus time for different sizes of block and range parameters.
We compare the time evolution of C˜ for the different NI
with the same α in each subfigure. The relaxation rate is
similar for the different sizes of blocks. They all decrease
and become steady in a long time. The system has a
higher relaxation rate when α is smaller. Also, the larger
size of block has a higher degree of coherence that remain
in the steady state as shown in the inset of Fig. 5.
IV. DISCUSSION
Let us briefly discuss the observation of relaxation dy-
namics with a long-range Ising model in an experiment.
From the recent experiments of long-range Ising model
using trapped ions, the typical value of the spin-spin cou-
pling J [8] is about 100-500 Hz. The coherence lifetime
of system [8, 9] is about 5-10 ms. Given these parame-
ters, the period τ of coherent dynamics is about 0.5-5J−1.
This period τ is sufficiently long to observe the relaxation
dynamics due to the long-range interaction.
Indeed, the long-range spin-spin couplings are gener-
ated by off-resonantly coupling to the collective motions
of the string via a laser beam. When the transverse mag-
netic field is absent, the spins can be effectively decoupled
from the phonon modes [30]. However, the phonon ex-
citations will arise [30] in the presence of the transverse
magnetic field. The large magnetic field is required to
turn on shortly to prepare the initial state and it is sud-
denly quenched to initiate the non-equilibrium dynamics.
The system then evolves in the absence of the transverse
magnetic field. To avoid the intrinsic phonon effects, the
laser should be largely detuned from the phonon modes
[30]. Since the transverse field is turned on initially, the
phonon population can be kept to be low during the en-
tire time-evolution.
In addition, the coherence factor of a single spin can be
determined from the density matrix of a single spin which
can be obtained by just measuring the spin components.
Two-spin density matrix can be obtained by performing
quantum state tomography [31, 32]. In fact, it has been
demonstrated in a recent experiment [9]. However, it
may be more challenging to construct the density matrix
as the size of block spin goes large. The dimension of
state space will exponentially increase with an increasing
number of spins, and thus the complete characterization
of multi-spin density matrix becomes hard. Therefore,
the study of coherence may limit to a few spins only.
V. CONCLUSION
In summary, we have studied the dynamics of quantum
coherence of a single spin and block of spins in a chain of
trapped ions, where the ions interact with each other via
long-range interactions. The degree of quantum coher-
ence of a single spin rapidly decreases and nearly vanishes
in the steady state. Relaxation exhibits in this long-range
Ising chain. We have compared the dynamics of the exact
long-range Ising model with the “approximate” models,
where the interactions between the distant ions are trun-
cated in the “approximate” models. Our numerical result
suggests that the “approximate” model cannot show the
relaxation dynamics. In addition, we have examined the
effect of long-range interaction on the coherence dynam-
ics. The relaxation rate becomes higher for a longer in-
teraction range. But the spin takes a longer time to relax
if the interaction range is in the vicinity of infinite range.
We have also investigated the dynamics of coherence of a
block of spins. Our study provides a deeper insight of the
relationship between the long-range interaction and the
quantum-coherence dynamics of a many-body system.
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